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Consistent superstring theories

> There are five consistent versions of superstring theory
type |, type lIA, type IIB, and two heterotic string theories
Mystery: why there is not just one consistent formulation?

> These theories are related in nontrivial ways
Witten's conjecture: They are just special limiting cases of an
eleven-dimensional theory called M-theory
> Different string theories related by T-duality and S-duality
» T-duality: Strings propagating on completely different
spacetime geometries may be physically equivalent
» S-duality: System of strongly interacting strings can be viewed
as a system of weakly interacting strings
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> In absence of an understanding structure of M-theory, Witten
has suggested that the M should stand for
Magic, Mystery, or Membrane

» How to find fundamental formulation of M-theory?
Construct the theory that contains initial and all dual theories

» We will investigate only T-duality
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Action

Closed string action

eaB
g B Qa9
Action principle §S = 0 gives equations of motion and
boundary conditions

Sk = || ey =g |56 Gl + =

YO x)0x fger — A D(x)0x" /50 = 0

where we define o-momentum

S
’)’LO)(X) = Sx/h =
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Buscher T-duality procedure for constant background 1

» Buscher procedure:
» gauging global symmetries dx* = \*
Oaxt — Doxt = Ogx* + vE |
> vk gauge field
> D, covariant derivative
» Field strength Fgg = Bav/"; — OVt

» T-dual theory must be Physically equivalent to initial theory
F&i=Fr=0
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Buscher T-duality procedure for constant background 2

» Invariant Action

af3 1
Sinv(X,y,v) = H/ d*¢ [(nT uw + {-:aﬂB#,,)DaX“DﬁXV + Ey#F“
bN

> y. Lagrange multiplier
> Gauge fixing x* =0

> Gauge fixed Action

2 naﬁ af v 1
Stix(y,v) = Fu/:d 19 (TGW-i-e Bu)vhvg + Equ“
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Buscher T-duality procedure for constant background 3

» Check
7% 8avg — vl =0 = vl = Opx" = Spix — S(x)

» Elimination of gauge fields on equations of motion produces
T-dual Action

ap
S) = [ a6 4 =B oy
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Buscher T-duality procedure for constant background 4

» Dual Action *S(y) has the same form as initial one, but with
different background fields

* * 4 K/2 v
Sly] = ,Q/d2g Opy, "M O_y, = ?/d2§ O+ y 0" 0_y,

*opY —1\uv *Bp,u:f 117
G (GE )™, 20
where T-dual background fields
2
Gr, =Gu—4(BGIB),, 6 = —E(GE‘lBG_l)“”

1 1
Me=Bu+ G, 08 =0"F—(GeH)"
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T-duality transformation of variables for constant
background

» T-dual transformations
Vi 2 0uxt = —kO DLy,

> together with inverse transformation produces
T-duality transformation of variables

~Y 17 ~
Orxt = —k0 01y, , Oty = —2M¢,,04x"
> in canonical form

kXM ko, /iy/; — rxM *fyg))(y), 7,80)(X) = —KY
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Generalized Buscher approach to T-duality (for weakly
curved background) 1

» Background fields

1 e
Guy = const, By, = by, + gBprp, B, — infinitesimal

> Generalized Buscher procedure:

» still, there is global symmetry §dx* = A#

5S = gBWp)\psaﬂ /Z 420, (x"Dpx") = 0

» Local symmetry
> Oaxt = Dox? = Oaxt + v,

> xH 7 xt, =7
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Generalized Buscher approach to T-duality 2

v

Note that [, d€*duxH = xH(§) — xH(&) = Ax*,
path independent
Axpy, = [pdE*Doxt = Axt + AVHF

InV

v

v

Line integral of gauge fields

AV“:/dgavg
P

v

The same procedure as in the case of constant background,
but background fields depend on V#
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Generalized Buscher approach to T-duality 3

» Non-trivial (infinitesimal) variation over v/

v Stix = —&/C/2§55(V)5V5

1
B(V) = — 2 Buye™ VPO,V

» Improved equation for v/

Vi = —kOL[01y, £ 28] (V)]
» Using this equation
VH = —KHWyl, + GE_]-'LW}N/Z/ (y,u, = 57;/1, 7);’/,11, = y/,;)

Source of non-locality



On the way to M-theory

Non-geometry

» Two kinds

> Locally geometric, globally non-geometric
» Locally non-geometric

» Features

» T-dual along non-isometry direction
> Locally non-geometric

> non-commutativity

> non-associativity
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Open string Non-commutativity

» Canonical method
YH(x, )]s = O consider as constraints

» Dirac consistency procedure (o) =0

» Solution
xH = gt — 20" / dop,

g" and p, effective coordinates {q" (o), p,(5)} = 8,05(0,5)

» Non-commutativity of initial coordinates x*
{x#(0),x"(3)} = 20""0(0 + 7)
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Closed string Non-commutativity 1

» Analogy with open string — Canonical method
But there are no end points, so no boundary conditions
T-duality solve the problem

» Generalized Buscher procedure in canonical form

S= /d2§[7r#>'<“ — H(x", 7y, G, B(x))]

Sﬁx = /dzf[ﬂ—uvg - /H(Vfﬂrlh G7 B(V)) - R(ngL - nyﬂ)]

» Only isometry directions, G, B = const = H(v}', 7, G, B),
does not depend on V#
Vo i T = Ky, y,-does not depend on x*
= {yuw}=0
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Closed string Non-commutativity 2
» Weakly curved background
1
Guy = const, By (V) = 3B, V", V! = /(dgovg; +detvy)
Vo RY = T — 5 BupxXVxP
y,, does depend on x*

» T-dual variable y,, depend on both x* and 7,
source of non-commutativity

1
{y;lu yzlz} = EBquX/pé

o) (@)} =~ Bugl’(0) ~ x(@N0(o ~ 7)

2w
{yuloc +27),y,(0)} = —?BW,)NP

NP — winding number
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Closed string Non-associativity

> y,, is square function of x/
{yu(o), y,(7)} depend linearly on x*
» Non-associativity

Hyulor), yo(02)}, yp(03)} = {yulor), {yu(02), yp(o3)} # 0

» breaking of Jacobi identity

{{ulo1), vu(o2)}, yp(o3)} + cyclic(p, o1) (v, 02)(p, 03) # 0
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» The particular form of V¥ = —k 6y, + GEI’“’ ¥, implies
features of non-geometric theories

» It produces non-commutativity and non-associativity of closed
string coordinates
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Open string T-duality and non-geometry

» Each term must have its own T-dual

S(x) Gu B AV AP
R
*S(y) *XGHY  * BHYV *AaD *A;V

» Coupling for Neumann fields

Sav =2k / dr(ANX? e — ANX /)

» Coupling for Dirichlet fields

Spo = 2% / (AP (Y fger — AP(?) [ 0mo)
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Zwiebach approach

» Action of closed string theory is invariant under local gauge
transformations

NG, =0, oABuy = 0\, — OUN,
» The open string theory is not invariant
5AS[x] = 2+ / TN o — No¥ o—0)
» To obtain gauge invariant action we should add the term
San[x] = 2x / dr(ANX? ) g — ANXT/520)

where newly introduced vector field AY transforms with the same
gauge parameter A,

AN = —A,
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What is T-dual to local gauge transformations?
» If variation of energy-momentum tensor T can be written as
STy ={l Ty}

then corresponding transformation of background fields is
target-space symmetry of the theory.

» I = ThA=2[doM,xx"" local gauge transformations

» T-dual to kx* is 7, so, T-dual to 'y is

Me = 2/da§“7ru

and corresponding transformations have the form of general
coordinate transformations

¢ Gy = —2(Duéy + DuEy)

0eB.... = —2&PB . 4+20 (B...£PY —20.(B.. .£P)
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Full gauge invariant action for open string

» Gauge invariant action for open string

5open[X] = Kifz d2£8+x“ﬂ+#,,8_x”
26 fpr d7 [AN[X]R? — LAP[X]G 150 (x)]

where
AP = =&
» In literature

» AN[x] is known as massless vector field on Dp-brane

» AP[x] is known as massless scalar oscillations orthogonal to the
Dp-brane
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T-dual background fields of the open string

» T-dual background fields in terms of initial ones

*opY —1\puv *B/“’:f %
6" = (Gg")™, “y

TAR(V) = GEPAY (V) *AN(V) = GTHAP(V)
» T-duality interchange Neumann with Dirichlet gauge fields
VE = —k 0"y, + G2 3,

G = —eo / dE® Dy, — / (dry, + doy,)

V=Y  Ti=u
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The field strength for non-geometric theories 1

» In geometric theories the field strength for Abelian vector field is
simple F,, = 0,A, — 0,A,
» Because in non-geometric theories the vector field depends on V#,

we expect that T-dual field strength will contain derivatives with
respect to both variables y,, and y,
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The field strength for non-geometric theories 2

» We can define field strengths as
“Saly) =*SEI + "SI = 2en™ | drt AL V) 0ay,
ox
= /@/ d?€0,y, F™o_y,
bN

> Write out expressions for T-dual field strengths *F*” in terms of
derivative of T-dual gauge fields *A§(V) and *Aj(V) with respect
to variables y,, and y,
*]-'é’; =) *Ag(V) — 9, “A(V) +8’f FAT(V) =05 FAL(V),

T =2 |08 TAG(V) + 0y TAB(V) + 0T AL(V) + 0y " AL(V))
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The field strength for non-geometric theories 3

>

The red expression we can consider as a general definition of the
field strength

Beside antisymmetric part *.7-"(“5 it also contains the symmetric one

* IV
Fs)

In definition of both parts, derivatives with respect to both T-dual
coordinate y,, and to its double y, contribute

The unusual form of *F#” is a consequence of two facts:

1. the T-dual vector field *A% (V) are not multiplied by y, but with

x(~—1x.b
T-dual o-momentum *G_, (0)

2. the T-dual vector fields depend on V# which is function on both
yu and ¥,
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Unification of all T-dual theories 1

» Hull had partial success: He united all theories with d
T-dualization (d = 1,2,--- D)
This approach has attracted a lot of attention

But there are D-different formulations

» We still need only one theory, which contains all T-dual theories
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Unification of all T-dual theories 2

» Start with T-dual transformation lows along all coordinates
Orxt = —k©L 01y,
» Separate parts with e+ = +1 and 2.+ =1

+0+y = GEOrx — 2(BG_1)8:|:}/
+0:x =2(G1B)dix+ G loLy
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Unification of all T-dual theories 3

» Rewrite it in doubled space
aiZM =+ QMNHNK 3:{:ZK

with new coordinates ZM
Yu
where Hpn is generalized metric

GE —2B,,(G 1)
— v wp
M= ( yion, (oo )

= (10 )

and
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Unification of all T-dual theories 4

» T-duality along all coordinates <= replacement x* with y,

= (2)-(1)()

» Require that T-dual transformation for double coordinates *ZM
has the same form as initial one

3i*ZM =+ QMN*'HNK 8i*ZK
we find *H=THT
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Unification of all T-dual theories 5

» T-dualization along arbitrary number of coordinates

<= replacement x with y, a=1,2,---d

a

Vi 0 0 1, 0 x
x! 0 1, 0 0 X!
ZI=T e =L 0 0 o Ya
Vi 0 0 0 I Vi

Produce T-dual background fields in complete agreement with
Buscher approach
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Unification of all T-dual theories 6

» This interpretation of T-duality (as permutation of the coordinates
in double space) works for

» Bosonic string with flat background

» Bosonic string with weakly curved background

v

Type lIA and Type |IB superstrings
» Open bosonic string with gauge fields AY and AP

» Fermionic T-duality
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Example: Three torus
» Nontrivial components of the background
1
Guw =0, Bia= —§Hx3

» T-duality transformations between these theories

1501, x%,x3) —T 1551, y2, X3)

Tl 1 3 T3
Ve NS N\
S(xl 2. 53 T? S(x! 3 S 2 T? s V3
(X , X, X ) — 2 (X , Y2, X ) 13 (ylax 7}/3) — 123 (}/17}/27}/37 )
T3 L 5 T1
N NS S

3S(x1, X2, y3) —T7 235(xY, ya, )

» In the literature the theories S,15,12S and 1235 are known as
theories with H, f, @ and R fluxes respectively.

All theoriec in red are non—-ceometric (with R fliivec)
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Conclusion

» We constructed the theory in double space which contains all
T-dual theories (2P)
Good candidate for M-theory

Up to now it only works for bosonic and Type Il theories
» Among these 20 theories there is one geometric (initial one) and
20 — 1 non-geometric (All T-dual)

In general case, maybe some V# can turn to function only of y,,,
so that some non-geometric theories can turn to geometric ones

» We should include S-duality



