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I Generalized Buscher approach to T-duality

I Non-geometry

I Unification of all T-dual theories in double space



On the way to M-theory

Consistent superstring theories

I There are five consistent versions of superstring theory
type I, type IIA, type IIB, and two heterotic string theories
Mystery: why there is not just one consistent formulation?

I These theories are related in nontrivial ways
Witten’s conjecture: They are just special limiting cases of an
eleven-dimensional theory called M-theory

I Different string theories related by T-duality and S-duality
I T-duality: Strings propagating on completely different

spacetime geometries may be physically equivalent
I S-duality: System of strongly interacting strings can be viewed

as a system of weakly interacting strings



On the way to M-theory

I In absence of an understanding structure of M-theory, Witten
has suggested that the M should stand for
Magic, Mystery, or Membrane

I How to find fundamental formulation of M-theory?
Construct the theory that contains initial and all dual theories

I We will investigate only T-duality
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Action

Closed string action

S [x ] = κ

∫
Σ
d2ξ

√
−g

[1
2
gαβGµν [x ] +

ϵαβ√
−g

Bµν [x ]
]
∂αx

µ∂βx
ν

Action principle δS = 0 gives equations of motion and
boundary conditions

γ(0)µ (x)δxµ/σ=π − γ(0)µ (x)δxµ/σ=0 = 0

where we define σ-momentum

γ(0)µ (x) ≡ δS

δx ′µ
= κ

(
2Bµν ẋ

ν − Gµνx
′ν
)
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Buscher T-duality procedure for constant background 1

III Buscher procedure:

I gauging global symmetries δxµ = λµ

∂αx
µ → Dαx

µ = ∂αx
µ + vµ

α ,

I vµ
α gauge field

I Dα covariant derivative

I Field strength Fµ
αβ = ∂αv

µ
β − ∂βv

µ
α

I T-dual theory must be Physically equivalent to initial theory
Fµ
01 ≡ Fµ = 0
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Buscher T-duality procedure for constant background 2

I Invariant Action

Sinv (x , y , v) = κ

∫
Σ

d2ξ

[
(
ηαβ

2
Gµν + εαβBµν)Dαx

µDβx
ν +

1

2
yµF

µ

]

I yµ Lagrange multiplier

I Gauge fixing xµ = 0

I Gauge fixed Action

Sfix(y , v) = κ

∫
Σ
d2ξ

[
(
ηαβ

2
Gµν + εαβBµν)v

µ
αv

ν
β +

1

2
yµF

µ

]
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Buscher T-duality procedure for constant background 3

I Check
yµ: ∂αv

µ
β − ∂βv

µ
α = 0 =⇒ vµα = ∂αx

µ =⇒ Sfix → S(x)

I Elimination of gauge fields on equations of motion produces
T-dual Action

⋆S(y) = κ

∫
Σ
d2ξ(

ηαβ

2
⋆Gµν + εαβ⋆Bµν)∂αyµ∂βyν ,
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Buscher T-duality procedure for constant background 4
I Dual Action ⋆S(y) has the same form as initial one, but with

different background fields

⋆S [y ] = κ

∫
d2ξ ∂+yµ

⋆Πµν
+ ∂−yν =

κ2

2

∫
d2ξ ∂+yµθ

µν
− ∂−yν

⋆Gµν = (G−1
E )µν , ⋆Bµν =

κ

2
θµν

where T-dual background fields

GE
µν ≡ Gµν − 4(BG−1B)µν , θµν ≡ −2

κ
(G−1

E BG−1)µν

Π± ≡ Bµν ±
1

2
Gµν , θµν± ≡ θµν ∓ 1

κ
(G−1

E )µν
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T-duality transformation of variables for constant
background

I T-dual transformations

vµ±
∼= ∂±x

µ ∼= −κΘµν
± ∂±yν

I together with inverse transformation produces
T-duality transformation of variables

∂±x
µ ∼= −κθµν± ∂±yν , ∂±yµ ∼= −2Π∓µν∂±x

ν

I in canonical form

κ x ′µ ∼= ⋆πµ , πµ ∼= κy ′µ − κ ẋµ ∼= ⋆γµ(0)(y) , γ(0)µ (x) ∼= −κ ẏµ



On the way to M-theory

Generalized Buscher approach to T-duality (for weakly
curved background) 1

I Background fields

Gµν = const , Bµν = bµν +
1

3
Bµνρx

ρ , Bµνρ − infinitesimal

I Generalized Buscher procedure:

I still, there is global symmetry δxµ = λµ

δS =
κ

3
Bµνρλ

ρεαβ
∫
Σ

d2ξ∂α(x
µ∂βx

ν) → 0

I Local symmetry

I ∂αx
µ → Dαx

µ = ∂αx
µ + vµ

α ,
I xµ →? xµ

inv =?
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Generalized Buscher approach to T-duality 2

I Note that
∫
P dξα∂αx

µ = xµ(ξ)− xµ(ξ0) ≡ ∆xµ,
path independent

I ∆xµinv =
∫
P dξαDαx

µ = ∆xµ +∆V µ

I Line integral of gauge fields

∆V µ =

∫
P
dξαvµα

I The same procedure as in the case of constant background,
but background fields depend on V µ
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Generalized Buscher approach to T-duality 3
I Non-trivial (infinitesimal) variation over vµ±

δVSfix = −κ

∫
d2ξβα

µ (V )δvµα

βα
µ (V ) = −1

3
Bµνρϵ

αβV ρ∂βV
ν

I Improved equation for vµ±

vµ±
∼= −κΘµν

± [∂±yν ± 2β∓
ν (V )]

I Using this equation

V µ = −κθµνyν + G−1µν
E ỹν (ẏµ = ỹ ′µ , ˙̃yµ = y ′µ)

Source of non-locality
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Non-geometry

I Two kinds

I Locally geometric, globally non-geometric
I Locally non-geometric

I Features

I T-dual along non-isometry direction
I Locally non-geometric
I non-commutativity
I non-associativity
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Open string Non-commutativity

I Canonical method
γµ(x , π)|∂Σ = 0 consider as constraints

I Dirac consistency procedure Γµ(σ) = 0

I Solution

xµ = qµ − 2θµν
∫

dσpν

qµ and pµ effective coordinates {qµ(σ), pν(σ̄)} = δµν δS(σ, σ̄)

I Non-commutativity of initial coordinates xµ

{xµ(σ), xν(σ̄)} = 2θµνθ(σ + σ̄)
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Closed string Non-commutativity 1
I Analogy with open string – Canonical method

But there are no end points, so no boundary conditions
T-duality solve the problem

I Generalized Buscher procedure in canonical form

S =

∫
d2ξ[πµẋ

µ −H(x ′µ, πµ,G ,B(x))]

Sfix =

∫
d2ξ[πµv

µ
0 −H(vµ1 , πµ,G ,B(V ))− κ(vµ0 y

′
µ − vµ1 ẏµ)]

I Only isometry directions, G ,B = const =⇒ H(vµ1 , πµ,G ,B),
does not depend on V µ

vµ0 : πµ = κy ′µ y ′µ-does not depend on xµ

=⇒ {y ′µ, y ′ν} = 0
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Closed string Non-commutativity 2
I Weakly curved background

Gµν = const , Bµν(V ) =
1

3
BµνρV

ρ, V µ =

∫
(dξ0vµ0 + dξ1vµ1 )

vµ0 : κy ′µ = πµ − κ
3Bµνρx

′νxρ

y ′µ does depend on xµ

I T-dual variable yµ depend on both xµ and πµ,
source of non-commutativity

{y ′µ, y ′ν} =
1

κ
Bµνρx

′ρδ

{yµ(σ), yν(σ̄)} = −1

κ
Bµνρ[x

ρ(σ)− xρ(σ̄)]θ(σ − σ̄)

{yµ(σ + 2π), yν(σ)} = −2π

κ
BµνρN

ρ

Nρ – winding number
I It is different from zero
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Closed string Non-associativity

I y ′µ is square function of xµ

{yµ(σ), yν(σ̄)} depend linearly on xµ

I Non-associativity

{{yµ(σ1), yν(σ2)}, yρ(σ3)} − {yµ(σ1), {yν(σ2), yρ(σ3)} ̸= 0

I breaking of Jacobi identity

{{yµ(σ1), yν(σ2)}, yρ(σ3)}+ cyclic(µ, σ1)(ν, σ2)(ρ, σ3) ̸= 0
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I The particular form of V µ = −κ θµνyν + G−1µν
E ỹν implies

features of non-geometric theories

I It produces non-commutativity and non-associativity of closed
string coordinates
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Open string T-duality and non-geometry

I Each term must have its own T-dual

S(x) Gµν Bµν AN
a AD

i

↓ ↓ ↓ ↓ ↓
⋆S(y) ⋆Gµν ⋆Bµν ⋆Aa

D
⋆Ai

N

I Coupling for Neumann fields

SAN = 2κ

∫
dτ(AN

a ẋ
a/σ=π − AN

a ẋ
a/σ=0)

I Coupling for Dirichlet fields

SAD = 2κ

∫
dτ(AD

i (?)
i/σ=π − AD

i (?)
i/σ=0)
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Zwiebach approach

I Action of closed string theory is invariant under local gauge
transformations

δΛGµν = 0 , δΛBµν = ∂µΛν − ∂νΛµ

I The open string theory is not invariant

δΛS [x ] = 2κ

∫
dτ(Λaẋ

a/σ=π − Λaẋ
a/σ=0)

I To obtain gauge invariant action we should add the term

SAN [x ] = 2κ

∫
dτ(AN

a ẋ
a/σ=π − AN

a ẋ
a/σ=0)

where newly introduced vector field AN
a transforms with the same

gauge parameter Λa

δΛA
N
a = −Λa
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What is T-dual to local gauge transformations?

I If variation of energy-momentum tensor T± can be written as

δ T± = {Γ,T±}
then corresponding transformation of background fields is
target-space symmetry of the theory.

I Γ → ΓΛ = 2
∫
dσΛµκx

′µ local gauge transformations

I T-dual to κx ′µ is πµ so, T-dual to ΓΛ is

Γξ = 2

∫
dσ ξµπµ

and corresponding transformations have the form of general
coordinate transformations

δξGµν = −2 (Dµξν + Dνξµ)

δξBµν = −2 ξρBρµν + 2∂µ(Bνρξ
ρ)− 2∂ν(Bµρξ

ρ)
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Full gauge invariant action for open string

I Gauge invariant action for open string

Sopen[x ] = κ
∫
Σ d2ξ∂+x

µΠ+µν∂−x
ν

+ 2κ
∫
∂Σ dτ

[
AN
a [x ]ẋ

a − 1
κA

D
i [x ]G

−1ijγ
(0)
j (x)

]
where

δξA
D
i = −ξi

I In literature

I AN
a [x ] is known as massless vector field on Dp-brane

I AD
i [x ] is known as massless scalar oscillations orthogonal to the

Dp-brane
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T-dual background fields of the open string

I T-dual background fields in terms of initial ones

⋆Gµν = (G−1
E )µν , ⋆Bµν =

κ

2
θµν

⋆Aa
D(V ) = G−1ab

E AN
b (V ) , ⋆Ai

N(V ) = G−1ijAD
j (V )

I T-duality interchange Neumann with Dirichlet gauge fields

V µ = −κ θµνyν + G−1µν
E ỹν

ỹµ ≡ −εα
β

∫
dξα∂βyµ =

∫
(dτy ′µ + dσẏµ)

˙̃yµ = y ′µ , ỹ ′µ = ẏµ
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The field strength for non-geometric theories 1

I In geometric theories the field strength for Abelian vector field is
simple Fµν = ∂µAν − ∂νAµ

I Because in non-geometric theories the vector field depends on V µ,
we expect that T-dual field strength will contain derivatives with
respect to both variables yµ and ỹµ
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The field strength for non-geometric theories 2

I We can define field strengths as

⋆SA[y ] =
⋆SD

A [y ] + ⋆SN
A [y ] = 2κηαβ

∫
∂Σ

dτ⋆Aµ
α[V ] ∂βyµ

= κ

∫
Σ
d2ξ∂+yµ

⋆Fµν∂−yν

I Write out expressions for T-dual field strengths ⋆Fµν in terms of
derivative of T-dual gauge fields ⋆Aa

0(V ) and ⋆Aa
1(V ) with respect

to variables yµ and ỹµ

⋆Fµν
(a) = ∂µ

y
⋆Aν

0(V )− ∂ν
y

⋆Aµ
0 (V ) + ∂µ

ỹ
⋆Aν

1(V )− ∂ν
ỹ

⋆Aµ
1 (V ) ,

⋆Fµν
(s) = 2

[
∂µ
ỹ

⋆Aν
0(V ) + ∂ν

ỹ
⋆Aµ

0 (V ) + ∂µ
y
⋆Aν

1(V ) + ∂ν
y

⋆Aµ
1 (V )

]
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The field strength for non-geometric theories 3

I The red expression we can consider as a general definition of the
field strength

I Beside antisymmetric part ⋆Fµν
(a) it also contains the symmetric one

⋆Fµν
(s)

I In definition of both parts, derivatives with respect to both T-dual
coordinate yµ and to its double ỹµ contribute

I The unusual form of ⋆Fµν is a consequence of two facts:

1. the T-dual vector field ⋆Aa
D(V ) are not multiplied by ẏa but with

T-dual σ-momentum ⋆G−1
ab

⋆γb
(0)

2. the T-dual vector fields depend on V µ which is function on both
yµ and ỹµ
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Unification of all T-dual theories 1

I Hull had partial success: He united all theories with d
T-dualization (d = 1, 2, · · ·D)

This approach has attracted a lot of attention

But there are D-different formulations

I We still need only one theory, which contains all T-dual theories
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Unification of all T-dual theories 2

I Start with T-dual transformation lows along all coordinates

∂±x
µ = −κΘµν

± ∂±yν

∂±yµ = −2Π∓µν∂±x
ν

I Separate parts with ε±
± = ±1 and η±

± = 1

±∂±y = GE∂±x − 2(BG−1)∂±y

±∂±x = 2(G−1B)∂±x + G−1∂±y



On the way to M-theory

Unification of all T-dual theories 3

I Rewrite it in doubled space

∂±Z
M ∼= ±ΩMNHNK ∂±Z

K

with new coordinates ZM

ZM =

(
xµ

yµ

)
where HMN is generalized metric

HMN =

(
GE
µν −2Bµρ(G

−1)ρν

2(G−1)µρBρν (G−1)µν

)
and

ΩMN =

(
0 1
1 0

)
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Unification of all T-dual theories 4

I T-duality along all coordinates ⇐⇒ replacement xµ with yµ

⋆ZM =

(
yµ
xµ

)
=

(
0 1
1 0

)(
xµ

yµ

)
= T Z

I Require that T-dual transformation for double coordinates ⋆ZM

has the same form as initial one

∂±
⋆ZM ∼= ±ΩMN⋆HNK ∂±

⋆ZK

we find ⋆H = T HT
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Unification of all T-dual theories 5

I T-dualization along arbitrary number of coordinates

⇐⇒ replacement xa with ya a = 1, 2, · · · d

ZM
a = T aM

NZ
N


ya
x i

xa

yi

 =


0 0 1a 0
0 1i 0 0
1a 0 0 0
0 0 0 1i




xa

x i

ya
yi


Produce T-dual background fields in complete agreement with
Buscher approach
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Unification of all T-dual theories 6

I This interpretation of T-duality (as permutation of the coordinates
in double space) works for

I Bosonic string with flat background

I Bosonic string with weakly curved background

I Type IIA and Type IIB superstrings

I Open bosonic string with gauge fields AN
a and AD

i

I Fermionic T-duality
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Example: Three torus

I Nontrivial components of the background

Gµν = δµν , B12 = −1

2
Hx3

I T-duality transformations between these theories

1S(y1, x
2, x3) −→T2

12S(y1, y2, x
3)

T1

↗ ↗T1

↘T3 T3

↘

S(x1, x2, x3)
T2

−→ 2S(x
1, y2, x

3) 13S(y1, x
2, y3)

T2

−→ 123S(y1, y2, y3,V
3)

T3

↘ ↗T1

↘T3 T1

↗
3S(x

1, x2, y3) −→T2

23S(x
1, y2, y3)

I In the literature the theories S , 1S , 12S and 123S are known as
theories with H, f ,Q and R fluxes respectively.

All theories in red are non-geometric (with R fluxes)
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Conclusion

I We constructed the theory in double space which contains all
T-dual theories (2D)
Good candidate for M-theory

Up to now it only works for bosonic and Type II theories

I Among these 2D theories there is one geometric (initial one) and
2D − 1 non-geometric (All T-dual)
In general case, maybe some V µ can turn to function only of yµ,
so that some non-geometric theories can turn to geometric ones

I We should include S-duality


