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Action

S [x ] = κ

∫
Σ
d2ξ
[1

2
ηαβGµν [x ] + εαβBµν [x ]

]
∂αx

µ∂βx
ν

I bosonic string in the coordinate dependant background

I string is propagating in D=26 dimensions

I worldsheet is parametrized with one time-like (ξ0 = τ) and
one space-like (ξ1 = σ) parameter

S [x ] = κ

∫
Σ
d2ξ∂+x

µΠ+µν [x ]∂−x
ν , Π±µν [x ] = Bµν [x ]± 1

2
Gµν [x ]

Θµν
± = θµν ∓ 1

κ
(G−1

E )µν



T-duality

I T-duality is an equivalence of two seemingly different physical
theories in a way that all observable quantities in one theory
are identified with quantities in its dual theory

I T-duality connects different superstring theories: two flavors
of heterotic string theory (SO(32) and E8 × E8) and theories
of type IIa and IIb

I T-duality is used in a construction of equivalent Calabi-Yau
manifolds.



Example: Closed string in the background with one
dimension compactified on the radius R

I M2 = K2

R2 + W 2 R2

α′2

I Spectrum doesn’t change under the simultaneous
transformations K ↔W and R ↔ α′

R

I Momenta in one theory are winding numbers in its T-dual
theory and vice versa



Construction of the T-dual theory of sigma model

I Buscher procedure
I at least one Abelian isometry is required
I isometry is gauged by introducing the gauge fields
I gauge fields should not carry the additional degrees of freedom

I Generalized Buscher procedure
I constructed for certain coordinate-dependant background fields
I invariant coordinate as the line integral of the covariant

derivatives of the original coordinates

Action:
?S [y ] = κ

∫
d2ξ∂+yµ

?Πµν
+ (∆V (y))∂−yν



Currents in the original theory

I Hamiltonian as a function of some currents j±µ:

H =
1

4κ
j−µ(G−1)µν j−ν +

1

4κ
j+µ(G−1)µν j+ν

j±µ = πµ + 2κΠ±µνx
′ν

I Currents can be rewritten in the following form:

j±µ = iµ ± κGµνx ′ν , iµ = πµ + 2κBµνx
′ν



Currents in the T-dual theory

I Hamiltonian as a function of currents ?kµ± in dual theory:

?H =
1

4κ
?kµ−G

E
µν
?kν− +

1

4κ
?kµ+G

E
µν
?kν+

?kµ± = ?πµ + 2?Πµν
± y ′ν

I Currents can be rewritten in the following form:

?kµ± = ?lµ ± (G−1
E )µνy ′ν ,

?lµ = ?πµ + 2?Bµνy ′ν

I They satisfy the following relations:

?kµ±
∼= lµ ± κx ′µ + κθµν∓ πν = lµ ± 1

κ
(G−1

E )µνπν , (1)

?lµ±
∼= κx ′µ + κθµνπν



General currents

The most general currents:

JC(u,α) = uµ(x)iµ + αµ(x)x ′µ

JR(u,α) = uµ(x)πµ + αµ(x)lµ

Currents j±µ and kµ± can be obtained with following
transformations:

αµ = ±κGµνuν , JC(u,α)→ uµj±µ

uµ = ±1

κ
(G−1

E )µναν , JR(u,α)→ αµk
µ
±



Current algebra

I Poisson brackets between the currents:

{iµ(σ), iν(σ′)} = −2κBµνρx
′ρδ(σ − σ′)

{lµ(σ), lν(σ′)} = −κQ µν
ρ lρδ(σ − σ′)− κ2Rµνρπρδ(σ − σ′)

I Structure constants are given by

Bµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν

Q µν
ρ = ∂ρθ

µν

Rµνρ = θµσ∂σθ
νρ + θνσ∂σθ

ρµ + θρσ∂σθ
µν



Current algebra
Algebra between the most general currents:

{JC(u,α)(σ), JC(v ,β)(σ′)} = JC(w ,γ)δ(σ−σ′)+
(

(u, α), (v , β)
)
δ′(σ−σ′)

wµ = (vν∂νu
µ − uν∂νv

µ)

γρ = −2Bµνρu
µvν + uµ(∂ρβµ − ∂µβρ) + (αµ∂ρ + ∂µαρ)vµ(

(u, α), (v , β)
)

= uµβµ + αµvµ

{JR(u,α)(σ), JR(v ,β)(σ′)} = JR(w ,γ)δ(σ−σ′)+
(

(u, α), (v , β)
)
δ′(σ−σ′)

wµ = ∂νu
µvν − ∂νvµuν − κανθνρ∂ρvµ − καν∂ρvνθνρ + κανv

ρ∂ρθ
νµ+

κθνρ∂ρu
µβν − κ∂νθρµβρuν − κ∂νβρuρθνµ − κ2Rµνρανβρ

γµ = ∂ναµv
ν + αν∂µv

ν + κθνρ∂ραµβν − κθνρ∂ρβµαν+

uν(∂µβν − ∂νβµ)− κQ νρ
µ ανβρ



Charges

I Charges are defined as usual:

QC(u,α) =

∫
dσJC(u,α)(σ), QR(u,α) =

∫
dσJR(u,α)(σ)

I They satisfy following algebra:

{QC(u,α),QC(v ,β)} = −QC [(u,α),(v ,β)]C

{QR(u,α),QR(v ,β)} = −QR[(u,α),(v ,β)]R



Courant bracket

I Courant bracket is a generalization of the Lie bracket.

I Lie bracket is the operation on the tangent bundle, while
Courant bracket is the operation on the direct sum of the
tangent bundle and the vector bundle of 1-forms.

[u+α, v+β]C = [u, v ]L+Luβ−Lvα−
1

2
d(iuβ−ivα)+H(u, v , .)

I Courant bracket does not satisfy the Jacobi identity. The
Jacobiator of the Courant bracket is an exact form.

In our theory:

[u + α, v + β]C = (vν∂νu
µ − uν∂νv

µ) + uµ(∂ρβµ − ∂µβρ)

− vµ(∂ραµ − ∂µαρ)vµ − 2Bµνρu
µvν



Roytenberg bracket

I Roytenberg bracket is a generalization of Courant bracket, in
a way that it includes a bi-vector Π = 1

2 Πµν∂µ∂ν as well.

[u + α, v + β]R =[u, v ]L + Luβ − Lvα−
1

2
d(iuβ − ivα) + H(u, v , .)−

HΠ(u, v) + ΠH(α, v , .)− ΠH(β, u, .)

(Lvα− Luβ +
1

2
d(iuβ − ivα))Π+

Λ2ΠH(α, ., v)− Λ2ΠH(β, ., u)− [α, β]Π+

Λ2ΠH(α, β, .)− [v , αΠ]L + [u, βΠ]L+(1

2
[Π,Π]S − Λ3ΠH

)
(α, β, .)



Questions?


