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T-duality of an open string with mixed boundary conditions

Outline

» Modified open string action

» Open string boundary conditions (Neumann and Dirichlet
boundary conditions)

» Dirac procedure

» Solving the constraints

» Generalized T-dualization procedure

» Solving the constraints of T-dual theory

» Effective theories compared
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Bosonic string action

» The action

b = [ ey =g (56" Gun )+

i . H 4 L (2)
\/_BM,,(X)> Oax"05x +4 d(x)R ]
» The background

» The metric field G,, = G,

» The Kalb-Ramond field B,,, =
» The dilaton field ¢

By,
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Bosonic string action in a conformal gauge

> ZaB = e2F77a/3
» Action

S =+ / ¢ DX Tl (X) 0", Da = Or £ 0,
>

» Background field composition

M () = By x) % 5 ()
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Closed or open string
» The general coordinate transformations
0 G = —2(Duéy + Du&p),  Duby = 0u&y — T8,
0¢Buy = =28 By + 2(0uby, — Ouby), by = Bu&”
» The local gauge transformations
NG =0
NBuw = 0N, — O\,

» Variations of action

O=T

5S = 22k / A7 [y €70 x" 4 Ny, €0, XV

o=0

O=Tr

§S =2k / dr |
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Open string

» Surface term

O=T0

» The vector fields transform as

Soz.=2 [ dr[sAu 0% - A6y O]

o=0
OnAL = =Ny, 5&’% ==&
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The mixed boundary conditions

Woxt| | =0

(0) = G,wx — 2B, x"

» The Neumann conditions for x?
» The Dirichlet conditions for x

) a:07 17 "7p
i=p+1,....,D-1
Sox =2 [ dr Al (0ie — APG(6 O |
( ) = I_I_Hua,xu -|- I_I_JN8+X“
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Hamiltonian

HC - T_ - T+
» Energy momentum tensor

1, .
Ty = :FE(G DYy i
» Currents

v

Jip =T+ 2/§I_Ii/“,(x)x"’
Momentum

Ty = —26Bux" + kG x”

N
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The boundary conditions canonical form

Y =K =

5 (G (Jeu + )

1 — v 1 — v
W = S (G SN (6
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The Dirac procedure

» The zeroth constrains are the boundary conditions.

» Infinite number of constraints
% ={H.%}, A ={H, "}

n={H"}  vh={H}
» Space parameter dependent constraints

n

o" : o .
rQV(U):ZH’Yg, rID(U):ZH%,'l

n>0 n>0
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Current algebra

{tu(0), j2v(5)} = £26T 11,0 X*(0)8(0 = 7) £2£ G (x(0))d' (0 —5)
{xn(0), 70 (0)} = £26T )1 x'*(0)d(0 — &)

> The generalized connection

Mtpwp = Tuwp £ Buvp

» The Christoffel symbol
1
Ciwp = 5(8v Gpu + ap G;w - 8# Gl/p)

» The field strength of the field B,
Buvp = 8;4 By, + Oy Bou + 8PBIW
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The constant background

o= (% ) mm(%

0

0
Bj )
» The current algebra

{jtu(0),j20(3)} = £2k Gy ' (0-5),

> The first constraint {H, ji,} = T

{j:l:u(o-)vjilil/(&)} =0



T-duality of an open string with mixed boundary conditions

The o dependent constraints

>

o) =+ 3 2 M a6y (1) (61 17)]

n>0
i 1 —1 Im _ n :(n)
Mh(o) = 5 3 26 [0+ (1)
n>0
» The final form
1

FQ’ = " [|‘|+3M(G_1)””j_,,(—0') + n—au(G_l)uuj-i-u(o')}

b= i(cfl)’“ [ral @) (=)
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The explicit form of the constraints

» Odd and even variables

xt =q" +g", Ty = Pu + Pu
» The constraints

vt

K

(2B, P — Bo — #(Ge)apd”|

. 1 .
rID _ ;(G_l)lu [pu +I€Gﬂyq"j—|—2ﬁBﬂyc_]’V}
» The solution

P — q/a _ Habpb + c_]/i
T = pa— 26BjG” + pi

[m]

=
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Generalized Buscher procedure

» Old steps (applicable to backgrounds which do not depend on
the coordinates which one T-dualizes):
> Localize the global symmetry dx* = A* = const
> Introduce the gauge fields v¥#
» Substitute the ordinary derivatives with the covariant
derivatives
Oaxt = Doxt = Jpx* 4+ v

» Impose the transformation law for the gauge fields

OVl = =0, 0", (M = N(1,0))

» New step (enables T-dualization of every coordinate):
» Substitute the coordinate x* by the invariant coordinate

Axt, = / dE® Dox? = x* — x(&0) + AV,
P

here
AV“E/dgo‘vg.
P
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Generalized Buscher procedure

» Old step:
» Require the equivalence with the initial theory

> Field strength
Fiiy = Bavg — Ogvt

must be zero
» Add the Lagrange multiplier y,, term in the Lagrangian

» Result:

» Gauge invariant action
.1
Siny = "i/d2f[D+Xu”+W(AXinV)D—X +§(V$8—YM_V56+YM)}
» Fix the gauge x*(&) = x*(&)

» Gauge fixed action

1
Siys vl = [ €[V AV S (0 g, v 0.,
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T-duality

S[x] = H/z d?€ 04 xM M (x)0-

*Sy] = / 02€ 0.y, 0" [AVO ()]D_y,

» T-dual coordinate transformation law

Dxt = — s OM[A V(O)]aﬂ:}/u T 2k0© 5j[v<°>]
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T-dual theory
» T-dual action
;2
="y [dfoeoy,
» T-dual background filed composition

y 2 e i 0¥ o
oL = 2 (G 'BG 1y :( : ei)’

» the inverse of the initial metric

(6 Hyw = ( (G_ol)ab (G91)U )

> the effective metric

= (9" (D)
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T-dual surface term

1

“Sox = ~2n [ dr [AV(V)2© - LAP(V)(G |

ox
» The boundary condition
*~(0)a — g [@iuﬁ_yu + @i"ébryﬂ]
» The supposed form of the surface term
2 [ dr[fAis — 4B 6 |

» Dual vector field on the boundary

ox

A= (6P

“Ab = (gAY
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The T-dual Hamiltonian

» Dual momentum

» Dual currents

L= 2 Ty,
» Dual energy momentum tensor
* 1 *~—1 * b x sV
Ty = ¢4—( G ) UL
K
» Hamiltonian

HC - *T_ —*T+

[m]

=
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The dual constraints

» The Neumann condition

i_ Kl i L1 VoA v
O = Z1OM0_y,+0 Dy, = 50" 6L +0L 6

» The Dirichlet condition
. 1 . .
*Na = Ya = ﬂGa’i (*J.’i + *Jﬁ),
» Parameter dependent constraints

*i 1 i * v i * v
My = 5 |©16E, /" (~0) + O 6L ()]

1
UEEP S AVAOEACT)
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Separating dual variables and currents
» odd and even coordinates and momenta
Yu = ku + I?M
*oh — *pu + *5u
» odd and even currents
(o) =" (o) + "B (0) + k2O (ki (o) + ki (o))
(=) =*p"(0) = *B"(0) + KO (—k,(0) + ki (0))
> The sigma dependent constraints

. 2 . 1, N
* INZ_EBI#*p,u_;*pI_(G 1):;/,kL

1 —
D= —GLUP + 205 K, + n(gg ) k)
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The solution

» The constraints

*ri — 0, *rD
N o=0 2 o=0
» The solution
/ / 2 * T
Yu=ki— By"P +k

>k * pi + *'53 - /£293b/;/
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Noncommutativity

> initial theory

X" =q'?—0%p, + g’
Tu = pa— 26B;g" + p;

> completely T-dualized theory
V=K~ 2Byp K,
> * pi + *ﬁa - Fé2‘9abl;l/)
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The effective hamiltonians

for initial theory

1 K o_yi o b

Herr = 5 q'aqu’bJrz Po(Ge )Pt GGG+ pi(G ) By
for dual theory

K 71 ~—1yabir 1 G %=b K K G_l Uk' iG . i

Hefr = 5 ka(Gg )kt 5" b7 (GE)ab™ P+ ki(GT7) p Gyt
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The effective lagrangians

» for initial theory

K 2 ;
Ler = 5(Ge)an(474" = 4°9"°) + 5 Gu(q d—q'q")
» for dual theory
“Lor = 5(Gg 1) (k?kb — k

k/ik/j)
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What is a symmetry transformation of fields?

v

The change in fields which does not change the classical
action.

World-sheet action

v

v

Space-time fields on a world-sheet

v

The corresponding conformal field theories

v

Change in energy-momentum tensor
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Change of the energy-momentum tensor

» Hamiltonian
%C — T_ - T+

» Virasoro algebras

[Fule(@), Talo@)] = in[Fule(@) + Tule(@)] (0 - 7)
| Te(e(0). Tx(e(5)] = 0

» Similarity transformation T4 — e~ T Tel

>

6T+() = ~i[[, T()]

u]
o)
I

i
it
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Closed string algebra

» Suppose the background fields undergo a small change in
value My, — Mapy + M4,

» The current changes by

v

5jj:u = 2H5n:|:u,,(X)X

» The energy-momentum tensor T4 = :Fﬁ(G_l)“”jiujﬁ,
changes by
1 "
0Ty = ﬂéni;w]i/;
» The standard Poisson brackets between the coordinates and
the momenta

{x"(0), m(5)} = 6,6(c — 7)
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Closed string symmetry generator
The symmetry generator G =G, + G_

Gy — / dor N (x(0))jz (0)

> Gy satisfy: {T(0),0x(5)} = 4 (DJFV/\i) i
T4(0), G2 (5)} =+ (DeyA-) )
{Te(0).95()} = £ (Deu ) iz

» The covariant derivatives
Dy, N = 0,N + ., N =D\ +BY, N\
» One demands

1 by
0Te ={G, Tu} = 5 -0Mupuijy
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Outlook

v

Find the complete form of the effective theories

v

Find the symmetry transformations of the background fields
and their generators

v

Include more complicate background into consideration

v

Consider the partial T-dualization as well



