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Institute of Physics, University of Belgrade, Serbia

Gravity and String Theory: New ideas for unsolved problems III
September 7-9, 2018

Zlatibor



T-duality of an open string with mixed boundary conditions

Outline

I Modified open string action

I Open string boundary conditions (Neumann and Dirichlet
boundary conditions)

I Dirac procedure

I Solving the constraints

I Generalized T-dualization procedure

I Solving the constraints of T-dual theory

I Effective theories compared



T-duality of an open string with mixed boundary conditions

Bosonic string action

I The action

S [x ] = κ

∫
Σ
d2ξ
√
−g
[(1

2
gαβGµν(x)+

εαβ√
−g

Bµν(x)
)
·∂αxµ∂βxν+

1

4πκ
Φ(x)R(2)

]

I The background
I The metric field Gµν = Gνµ
I The Kalb-Ramond field Bµν = −Bνµ
I The dilaton field Φ



T-duality of an open string with mixed boundary conditions

Bosonic string action in a conformal gauge

I gαβ = e2Fηαβ
I Action

S [x ] = κ

∫
Σ
d2ξ ∂+x

µ Π+µν(x) ∂−x
ν , ∂± = ∂τ ± ∂σ

I Background field composition

Π±µν(x) = Bµν(x)± 1

2
Gµν(x)
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Closed or open string
I The general coordinate transformations

δξGµν = −2(Dµξν + Dνξµ), Dµξν = ∂µξν − Γρµνξρ

δξBµν = −2ξρBρµν + 2(∂µbν − ∂νbµ), bµ = Bµνξ
ν

I The local gauge transformations

δΛGµν = 0

δΛBµν = ∂µΛν − ∂νΛµ

I Variations of action

δS = 2
√

2κ

∫
dτ
[
Π−µν ξ

ν∂−x
µ + Π+µν ξ

ν∂+x
µ
]∣∣∣σ=π

σ=0

δS = 2κ

∫
dτ Λµẋ

µ
∣∣∣σ=π

σ=0
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Open string

I Surface term

S∂Σ = 2

∫
dτ
[
κAµ(x)ẋµ − Āµ(x)(G−1)µνγ(0)

ν

]∣∣∣σ=π

σ=0

I The vector fields transform as

δΛAµ = −Λµ, δξĀµ = −ξµ
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The mixed boundary conditions

γ(0)
µ δxµ

∣∣∣
σ=0,π

= 0

γ(0)
µ = Gµνx

′ν − 2Bµν ẋ
ν

I The Neumann conditions for xa, a = 0, 1, . . . , p

I The Dirichlet conditions for x i , i = p + 1, . . . ,D − 1

S∂Σ = 2

∫
dτ
[
κAN

a (x)ẋa − AD
i (x)(G−1)ijγ

(0)
j

]∣∣∣σ=π

σ=0

γ
(0)
j = Π+jµ∂−x

µ + Π−jµ∂+x
µ
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Hamiltonian

HC = T− − T+

I Energy momentum tensor

T± = ∓ 1

4κ
(G−1)µν j±µj±ν

I Currents
j±µ = πµ + 2κΠ±µν(x)x ′ν

I Momentum
πµ = −2κBµνx

′ν + κGµν ẋ
ν
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The boundary conditions canonical form

γ
(0)
a =

1

κ
Π+aµ(G−1)µν j−ν +

1

κ
Π−aµ(G−1)µν j+ν

γ i = ẋ i =
1

2κ
(G−1)iµ

(
j+µ + j−µ

)
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The Dirac procedure

I The zeroth constrains are the boundary conditions.

I Infinite number of constraints

γ1
a = {H, γ0

a}, γn
a = {H, γn−1

a }

γ i
1 = {H, γi}, γi

n = {H, γi
n−1}

I Space parameter dependent constraints

ΓN
a (σ) =

∑
n≥0

σn

n!
γn

a , Γi
D(σ) =

∑
n≥0

σn

n!
γ i

n
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Current algebra

{j±µ(σ), j±ν(σ̄)} = ±2κΓ∓µ,νρ x
′ρ(σ)δ(σ−σ̄)±2κGµν(x(σ))δ′(σ−σ̄)

{j±µ(σ), j∓ν(σ̄)} = ±2κΓ∓ρ,µν x
′ρ(σ)δ(σ − σ̄)

I The generalized connection

Γ±µ,νρ = Γµ,νρ ± Bµνρ

I The Christoffel symbol

Γµ,νρ =
1

2
(∂νGρµ + ∂ρGµν − ∂µGνρ)

I The field strength of the field Bµν

Bµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν
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The constant background

Gµν =

(
Gab 0

0 Gij

)
, Bµν =

(
Bab 0

0 Bij

)
.

I The current algebra{
j±µ(σ), j±ν(σ̄)

}
= ± 2κGµν δ

′(σ−σ̄),
{
j±µ(σ), j∓ν(σ̄)

}
= 0

I The first constraint
{
H, j±µ

}
= ∓ j ′µ±
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The σ dependent constraints

I

ΓN
a (σ) =

1

κ

∑
n≥0

σn

n!

[
Π+aµ(G−1)µν(−1)nj

(n)
−ν+Π−aµ(G−1)µν j

(n)
+ν

]

Γi
D(σ) =

1

2κ

∑
n≥0

σn

n!
(G−1)iµ

[
j
(n)
+µ + (−1)nj

(n)
−µ

]
I The final form

ΓN
a =

1

κ

[
Π+aµ(G−1)µν j−ν(−σ) + Π−aµ(G−1)µν j+ν(σ)

]

Γi
D =

1

2κ
(G−1)iµ

[
j+µ(σ) + j−µ(−σ)

]
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The explicit form of the constraints

I Odd and even variables

xµ = qµ + q̄µ, πµ = pµ + p̄µ

I The constraints

ΓN
a =

1

κ

[
2B ν

a pν − p̄a − κ(GE )aρq̄
′ρ
]

Γi
D =

1

κ
(G−1)iµ

[
pµ + κGµνq

′ν + 2κBµν q̄
′ν
]

I The solution

x ′µ = q′a − θabpb + q̄′i

πµ = pa − 2κBij q̄
′j + p̄i
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Generalized Buscher procedure
I Old steps (applicable to backgrounds which do not depend on

the coordinates which one T-dualizes):
I Localize the global symmetry δxµ = λµ = const
I Introduce the gauge fields vµα
I Substitute the ordinary derivatives with the covariant

derivatives
∂αx

µ → Dαx
µ = ∂αx

µ + vµα
I Impose the transformation law for the gauge fields

δvµα = −∂αλµ, (λµ = λµ(τ, σ))

I New step (enables T-dualization of every coordinate):
I Substitute the coordinate xµ by the invariant coordinate

∆xµinv ≡
∫

P

dξα Dαx
µ = xµ − xµ(ξ0) + ∆V µ,

here

∆V µ ≡
∫

P

dξαvµα .
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Generalized Buscher procedure
I Old step:

I Require the equivalence with the initial theory
I Field strength

Fµαβ ≡ ∂αv
µ
β − ∂βv

µ
α

must be zero
I Add the Lagrange multiplier yµ term in the Lagrangian

I Result:
I Gauge invariant action

Sinv = κ

∫
d2ξ
[
D+x

µΠ+µν(∆xinv )D−x
ν+

1

2
(vµ+∂−yµ−v

µ
−∂+yµ)

]
I Fix the gauge xµ(ξ) = xµ(ξ0)
I Gauge fixed action

Sfix [y , v±] = κ

∫
d2ξ
[
vµ+Π+µν(∆V )vν−+

1

2
(vµ+∂−yµ−v

µ
−∂+yµ)

]
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T-duality

S [x ] = κ

∫
Σ
d2ξ ∂+x

µΠ+µν(x)∂−x
ν

∼=

?S [y ] =
κ2

2

∫
d2ξ ∂+yµΘµν

− [∆V (0)(y)]∂−yν

I T-dual coordinate transformation law

∂±x
µ ∼= −κΘµν

± [∆V (0)]∂±yν ∓ 2κΘµν
0±β

∓
ν [V (0)]
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T-dual theory
I T-dual action

?S0 =
κ2

2

∫
dξ2∂+yµΘµν

− ∂−yν

I T-dual background filed composition

Θµν
± = −2

κ
(G−1

E BG−1)µν =

(
Θab
± 0

0 Θij
±

)
,

I the inverse of the initial metric

(G−1)µν =

(
(G−1)ab 0

0 (G−1)ij

)
I the effective metric

(GE )µν =

(
(GE )ab 0

0 (GE )ij

)
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T-dual surface term

?S∂Σ = −2κ

∫
dτ
[
AN

a (V )?γ(0)a − 1

κ
AD

i (V )(G−1)ij ẏj

]∣∣∣
∂Σ

I The boundary condition

?γ(0)a =
κ

2

[
Θaµ
− ∂−yµ + Θaµ

+ ∂+yµ
]

I The supposed form of the surface term

2κ

∫
dτ
[
?Ai

N ẏi −
1

κ
?Aa

D(?G−1)ab
?γ(0)b

]∣∣∣
∂Σ

I Dual vector field on the boundary

?Ai
N =

1

κ
(G−1)ijAD

j

?Aa
D = κ(G−1

E )abAN
b
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The T-dual Hamiltonian

I Dual momentum

?πµ = −κ2θµνy ′ν +
κ

2
(G−1

E )µν ẏν

I Dual currents

?jµ± = ?πµ + 2κ?Πµν
± y ′ν

I Dual energy momentum tensor

?T± = ∓ 1

4κ
(?G−1)µν

?jµ±
?jν±

I Hamiltonian

HC = ?T− − ?T+
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The dual constraints

I The Neumann condition

?γ(0)i =
κ

2

[
Θiµ
− ∂−yµ+Θiµ

+ ∂+yµ
]

=
1

2

[
Θiµ
−G

E
µν
?jν−+Θiµ

+GE
µν
?jν+

]
I The Dirichlet condition

?γa = ẏa =
1

2κ
GE

aµ

(
?jµ+ + ?jµ−

)
,

I Parameter dependent constraints

?Γi
N =

1

2

[
Θiµ
−G

E
µν
?jν−(−σ) + Θiµ

+GE
µν
?jν+(σ)

]
?ΓD

a =
1

2κ
GE

aµ

(
?jµ+(σ) + ?jµ−(−σ)

)



T-duality of an open string with mixed boundary conditions

Separating dual variables and currents

I odd and even coordinates and momenta

yµ = kµ + k̄µ

?πµ = ?pµ + ?p̄µ

I odd and even currents

?jµ±(σ) = ?pµ(σ) + ?p̄µ(σ) + κ2Θµν
∓ (k ′ν(σ) + k̄ ′ν(σ))

?jµ±(−σ) = ?pµ(σ)− ?p̄µ(σ) + κ2Θµν
∓ (−k ′ν(σ) + k̄ ′ν(σ))

I The sigma dependent constraints

?Γi
N = −2

κ
B i
µ
?pµ − 1

κ
?p̄i − (G−1)iµk̄ ′µ

?ΓD
a =

1

κ
GE

aµ(?pµ + κ2θµν0 k̄ ′ν + κ(g−1
E )µνk ′ν)
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The solution

I The constraints

?Γi
N

∣∣∣
σ=0

= 0, ?ΓD
a

∣∣∣
σ=0

= 0

I The solution

y ′µ = k ′i −
2

κ
Bij

?pj + k̄ ′a

?πµ =? pi + ?p̄a − κ2θabk̄ ′b
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Noncommutativity

I initial theory
x ′µ = q′a − θabpb + q̄′i

πµ = pa − 2κBij q̄
′j + p̄i

I completely T-dualized theory

y ′µ = k ′i −
2

κ
Bij

?pj + k̄ ′a

?πµ =? pi + ?p̄a − κ2θabk̄ ′b
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The effective hamiltonians

I for initial theory

Heff =
κ

2
q′aGE

abq
′b+

1

2κ
pa(G−1

E )abpb+
κ

2
q̄′iGij q̄

′j +
1

2κ
p̄i (G

−1)ij p̄b

I for dual theory

?Heff =
κ

2
k̄ ′a(G−1

E )abk̄ ′b+
1

2κ
?p̄a(GE )ab

?p̄b+
κ

2
k ′i (G

−1)ijk ′j +
1

2κ
?piGij

?pj
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The effective lagrangians

I for initial theory

Leff =
κ

2
(GE )ab(q̇aq̇b − q′aq′b) +

κ

2
Gij ( ˙̄qi ˙̄qj − q̄′i q̄′j )

I for dual theory

?Leff =
κ

2
(G−1

E )ab( ˙̄ka ˙̄kb − k̄ ′ak̄ ′b) +
κ

2
(G−1)ij (k̇ i k̇ j − k ′ik ′j )
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What is a symmetry transformation of fields?

I The change in fields which does not change the classical
action.

I World-sheet action

I Space-time fields on a world-sheet

I The corresponding conformal field theories

I Change in energy-momentum tensor
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Change of the energy-momentum tensor

I Hamiltonian
HC = T− − T+

I Virasoro algebras[
T̂±(ϕ(σ)), T̂±(ϕ(σ̄))

]
= i~

[
T̂±(ϕ(σ)) + T̂±(ϕ(σ̄))

]
δ′(σ − σ̄)[

T̂±(ϕ(σ)), T̂∓(ϕ(σ̄))
]

= 0

I Similarity transformation T± → e−iΓT±e
iΓ

I

δT±(ϕ) = −i
[
Γ,T (ϕ)

]
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Closed string algebra

I Suppose the background fields undergo a small change in
value Π±µν → Π±µν + δΠ±µν

I The current changes by

δj±µ = 2κδΠ±µν(x)x ′ν

I The energy-momentum tensor T± = ∓ 1
4κ(G−1)µν j±µj±ν

changes by

δT± =
1

2κ
δΠ±µν j

µ
±j
ν
∓

I The standard Poisson brackets between the coordinates and
the momenta

{xµ(σ), πν(σ̄)} = δµν δ(σ − σ̄)
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Closed string symmetry generator
The symmetry generator G = G+ + G−

G± =

∫
dσ Λµ±(x(σ))j±µ(σ)

I G± satisfy: {T±(σ),G±(σ̄)} = ± 1
2κ

(
D∓νΛµ±

)
jν∓j±µ

{T±(σ),G∓(σ̄)} = ± 1

2κ

(
D±νΛµ∓

)
jν±j∓µ

I The covariant derivatives
D±µΛν = ∂µΛν + Γν±ρµΛρ = DµΛν ± BνρµΛρ

I One demands

δT± = {G,T±} =
1

2κ
δΠ±µν j

µ
±j
ν
∓
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Outlook

I Find the complete form of the effective theories

I Find the symmetry transformations of the background fields
and their generators

I Include more complicate background into consideration

I Consider the partial T-dualization as well


