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Introduction c ode ck h opy nformally flat bl

» In a recently published paper Noether Current, Black Hole
Entropy and Spacetime Torsion (arXiv: 1806.0584) authors
Sumanta Chakraborty and Ramit Dey claim:

We show that the presence of spacetime torsion, unlike
any other non-trivial modifications of the Einstein gravity,
does not affect black hole entropy... We further show that
the gravitational Hamiltonian in presence of torsion does
not inherit any torsion dependence in the boundary term
and hence the first law originating from the variation of the
Hamiltonian, relates entropy to area. This reconfirms our
claim that torsion does not modify the black hole entropy.

» The authors perform their calculations within
Einstein-Cartan theory, where torsion entirely depends on
matter contribution. Is this strict conclusion valid within the
framework of Poincaré gauge theory (PGT)?
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Introduction

» In his 1993 paper Dirty black holes: Entropy versus area,
Phys.Rev. D 48 (1993) 5697-5705, Matt Visser claims:
...On the other hand, the "entropy = (1/4) area" law fails for:
various types of (Riemann)n gravity, Lovelock gravity, and
various versions of quantum hair. The pattern underlying
these results is less than clear.

» Our final goal is to examine the deviation from the
Bekenstein-Hawking area law S = % for the various black
hole solution within the framework of 4D PGT.

» In that we shall be able to examine the influence that both
torsional and curvature terms have on black hole entropy.

» In this talk we review results for the entropy of black holes

which are the exact solutions of the various 3D gravity
models in the framework of PGT.
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Introduction

» The common feature is the devitation of the black hole
entropy from the Bekenstein-Hawking area law S = % due
to the presence of the non-Einstein terms in the
gravitational Lagrangian.

» In some cases entropy depends explicitly on torsion, and
there is a deviation from the Bekenstein-Hawking area law
even for Riemannian solutions of PGT.

» It is worth noting that results obtained within PGT

formalism can be reduced to the ones obtained within
TMG and BHT gravity.

» The first law of black hole thermodynamics is satisfied in all
the cases considered.
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Black hole entropy in MB model
[ Je}

Mielke-Baeckler model — action and equations of motion

» In the framework of Poincaré gauge theory, the triad fields
b' and the Lorentz connection w/ are basic dynamical
variables (1-forms).

» Their field strengths, expressed in terms of the Lie dual

connection w' := — el w; are the torsion
T' = db’ + £¥*w;by and the curvature R’ = dw’ + FePwjwy
(2-forms).

» In this framework the MB model is defined by the
Lagrangian (3-form)
. A . .
Ly = 2ab'R; — 5e,-,-kb'b/bk + agles(w) + agb' T;. (2.1)
> Here, Les(w) := w'dw; + Jejw'w/wk is the Chern-Simons
Lagrangian for ', the exterior product is omitted for
simplicity, and (a, 4, ag, o) are free parameters.
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Black hole entropy in MB model
oe

Mielke-Baeckler model — action and equations of motion

» Inthe non—degenerate case agay — a # 0, the variation of
Lvp with respect to b’ and w' leads to the gravitational field
equations in vacuum:

2T = p'y b/b*,  2R" = g’y b/bF, (2.2)
A 24+ aA

_ csdtaa _ () tan (2.3)
304 — a2 304 — a2

> By using Egs. (2.2) and the formula w’ = &' + K', where &'
is the Riemannian (torsionless) connection, and K' is the
contortion 1-form, defined implicitly by T; = ¢j,nK™e", one
can show that the Riemannian piece of the curvature is:
2R = Ay '€l €X, Aett == q— p°, (2.4)

where A is the effective cosmological constant.
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Black hole entropy in MB model

[ Jelele]

BTZ-like black holes with torsion

» In the AdS sector with A = —1 /62, the MB model admits
a new type of black hole solutions, the BTZ-like black holes
with torsion. From the form the BTZ black hole metric

ds? = N2dt? — N~2dr? — r?(dy + N,dt)?,

2 2 12 H
2 r 16(3 4G)
N ( 8G +ﬁ+ ), Ngo—rT,

and the relation ds? = n;b'b/, one concludes that the triad
field can be chosen in the simple, diagonal form:

' =Ndt, b'=N""dr, b®=r(dp+N,ydt). (2.5a)
» The connection is determined by:

W=+ ge’. (2.5b)
» BTZ-like black hole with torsion is represented by (b, w’).
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Black hole entropy in MB model

[e] Jele]

BTZ-like black holes with torsion

» Energy and angular momentum of the black hole with
torsion, defined as the on-shell values of the asymptotic
generators for time translations and spatial rotations are:

E:16nG[(a+@)m—%} ,

> 2
J=167G|(a+ C%p)j—agm} . (2.6)

» In contrast to GRA, where E = m and J = j, the presence
of the Chern—Simons term (a3 # 0) modifies E and J into
linear combinations of mand j.

» After choosing the AdS asymptotic conditions, the PB
algebra of the asymptotic symmetry is given by two
Virasoro algebras with different central charges:

o* =24n[(a+ %’) (5] . 2.7)
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Black hole entropy in MB model

[e]e] o]

BTZ-like black holes with torsion

» The partition function of the MB model, calculated in the
semiclassical approximation around the black hole with
torsion, yields the following expression for the black hole
entropy:

s=8[(a+ O%p) re - 043%] , (2.8)
where ry are the outer and inner horizons of the black
hole, defined as the zeros of N2.

» The entropy differs from Bekenstein-Hawking result by an
additional term, which describes the torsional degrees of
freedom at the outer horizon and degrees of freedom at
the inner horizon.

» The result for black hole entropy in the absence of torsion
p = 0 coincides with the result for the BTZ black hole
entropy in TMG obtained by Solodukhin.
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Black hole entropy in MB model

oooe

BTZ-like black holes with torsion

» The gravitational entropy coincides with the corresponding
statistical or conformal entropy, obtained by combining
Cardy’s formula with the central charges (2.7):

h—c— htct
T

=2
3776+ 5

(2.9)

where h¥ = J((E + J).
» The existence of torsion is shown to be in complete
agreement with the first law of black hole thermodynamics:

T6S =0E —Qdd, (2.10)
where
T= EarN |r:r+ - 427%2/‘3_ ) Q= N«p(r+) - ma
are black hole temperature and angular velocity.
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Black hole entropy in MB model

@00

"Exotic" black holes with torsion

» The two types of black holes discussed Townsend and
Zhang can be given a unified treatment by considering the
related limiting cases of the MB model.

» For a3 = a4 = 0 and 167Ga = 1, the MB model reduces to
GRA, the spacetime geometry is Riemannian (p = 0), and

3/ 27Tr+
= 26" S—ﬁ' (2.11)
» For a= A =0, the MB model reduces to Witten’s “exotic"
gravity with Riemannian geometry of spacetime. By
choosing 167 Gas = —/, one arrives at the “exotic"

conserved charges, central charges and entropy,

1 B = % _2mr
E—E’ J=Im, c _izG’ S—TG,
which coincide with Townsend’s and Zhang'’s ones.

E=m J=j, ct

(2.12)
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Black hole entropy in MB model

(o] Jo}
"Exotic" black holes with torsion

» The concepts of standard and “exotic" black holes used in
the context of simple gravitational models with Riemannian
geometry of spacetime can be generalized by going over
to black holes with torsion.

» The form of the general results (2.6), (2.7) and (2.8)
suggests to introduce standard black holes with torsion by
imposing the following requirements:

az=0, 16rGa=1. (2.13)

» In this case, the general formulas reduce to the standard
form (2.11), and the corresponding 2-parameter
Lagrangian is given by:

A o .
Ls = SWGb’R §sijkb’b’bk+a4b’T,-. (2.14)
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Black hole entropy in MB model

ooe

"Exotic" black holes with torsion
» Definition of “exotic" black holes with torsion:

a+“P =0, 167Gag =, (2.15)
implies that the conserved charges, central charges and
entropy take the “exotic" form (2.12).

» The corresponding 2-parameter Lagrangian is

1 BB2+3) i ik
Lg = 167 G |:25blFl’ +73£2 6,‘jkblblb
2
ilgg— D +1b'r] (2.16)

where 3 := 16w Ga and / are free parameters.

» In the limit p = 0, Ls and Lg describe torsionless theories
discussed by Townsend and Zhang. All the other limits
define the standard and “exotic" gravities with torsion.
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Black hole entropy in PGT
@000

3D gravity with propagating torsion

» MB model is introduced as a fopological 3D gravity with
torsion, with an idea to explore the influence of geometry
on the dynamics of gravity.

» GR, in 3D is also a topological theory, which has no
propagating degrees of freedom.

» Such a degenerate situation is not quite a realistic feature
of the gravitational dynamics and one is naturally
motivated to study gravitational models with propagating
degrees of freedom.

» Within Riemannian geometry, there are two well-known
models of this type: TMG and the BHT massive gravity.

» In 3D gravity with torsion, an extension that includes
propagating modes is even more natural—it corresponds
to Lagrangians which are quadratic in the field strengths,
as in the standard gauge approach.
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Black hole entropy in PGT
lo] Jele}

3D gravity with propagating torsion

» General dynamics of 3D gravity with propagating torsion is
defined by the Lagrangian 3-form

L= LG(bia Ti7 RU) + LM(bia 1/}7 vdj) (313)

where Ly, denotes matter contribution, and the
gravitational piece Lg is at most quadratic in torsion and
curvature. Assuming that Lg preserves parity, we have

o S
Lg = —as,-jkb’ ARK — §A05ijkb’ A b A bBE +Lre+Lpge,

Ly = T//\*<a1(1)7-i+32(2)7-i+33(3)7-i>a

1 .
L = A A" (B4R +bsOR; + b ®R;) . (3.1b)

where (A T; and (3 R; are irreducible components of the
torsion and the RC curvature.
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Black hole entropy in PGT
[ele] lo}

3D gravity with propagating torsion

» The covariant gravitational momenta (1-forms) are

~ OLg ~ OLg
» Dynamical energy-momentum and spin currents (2-forms)

for the gravitational field and matter currents (2-forms) are:

_ OLg _ OLg
B=op ST par
(9LM ) 8LM 8LM
T e O g~ iV gyy - 89)

» The variation of the Lagrangian (3.1a) with respect to b’
and A’ produces the following gravitational field equations:

VH,' +ti= -7, (3.48.)
VH,'j + Sj = —ojj . (3.4b)
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Black hole entropy in PGT
oooe

3D gravity with propagating torsion
» Explicit calculation based on the gravitational Lagrangian
(3.1b) yields
H; =2~ (31(1) Ti+a® T +a® Ti) ;

Hj = —2aejbk + Hj, Hj:=2* (b4(4)R,-,- + bs®) R; + bs®R

and
1
i = e|Lg— (e -,-m) A Hm — E(G/J Rmn) A Hmn
Sj = —(b,‘/\Hj—bj/\H,‘) . (3.6)

» The gravitational Lagrangian can be written in a more

compact form as:
L= %T’H,’ + %R”(—Zas,-jkbk) + %RUH,; — g/loe,jkb’blbk.
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Black hole entropy in PGT

[ Jelele}

Black hole with torsion

» 3D gravity with propagating torsion admits the existence of
AdS black hole solution, BTZ-like black hole with torsion of

the MB model.
» Let us recall that field strenghts have the form:
2T, = pebb*,  2R; = qejub/b¥, (3.7)

where p and q are parameters, and we assume that the
effective cosmological constant is negative.

» By combining (3.7) with the field equations in vacuum, we
can obtain restrictions on p and g, under which the
BTZ-like black hole is an exact solution of the theory:

aq— Ao+ 15,0233 - ;q2b6 =0,
p(a+ qbs +2a3) =0. (3.8)
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Black hole entropy in PGT

[e] Jele}

Black hole with torsion

» These conditions guarantee that the black hole with torsion
is a solution of the PGT model (4.1). The second equation
naturally leads to the following two cases:

a) p=0 =
For bg # 0, we have

gbs = a+ /a2 —2bg Ay .
If, additionally, & — 2bg Ay = 0, the value of gbs is unique:
gbs = a.

For bg = 0, the value of g is g = Ap/a.
b) a+gbs+2a3=0 =

1 1 1
—a3p? = Ao+ =q(gbs —2a) = Ay + ——(2a3 + a)(2as +3a) .
2 2 2bg

For az = 0, p remains undetermined, which is physically not
acceptable.
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Black hole entropy in PGT

[e]e] le}

Black hole with torsion

» Energy and angular momentum of the black hole with
torsion are:

E— (1+qb6)m, J = <1+qb6>j. (3.9)
a a

» The conserved charges depend on the curvature strength
g but not on the torsion strength p. For gbg # 0, the values
of the black hole charges differ from the corresponding GR
expressions.

» After choosing the AdS asymptotic conditions, the Poisson
bracket algebra of the asymptotic symmetry is given by two
independent Virasoro algebras with equal central charges:

c‘:c+:<1+?)%. (3.10)
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Black hole entropy in PGT

[e]e]e] ]

Black hole with torsion

» Once we have the central charges, we can use Cardy’s
formula to calculate the black hole entropy:

qbe 27Tr+

=(1+—= | —+ 3.11

s=(1+%) &5 @.11)
where r, is the radius of the outer black hole horizon.

» With the above results for the conserved charges and
entropy, one can easily verify the validity of the first law of
black hole thermodynamics.

» The similar result for the entropy of the BTZ black holes
holds in BHT gravity.
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Entropy of conformally flat black holes
@000

Conformally flat Riemannian solutions in PGT

>

The OTT black hole is a vacuum solution of the BHT
gravity with a unique AdS ground state. It is also a
Riemannian solution of PGT in vacuum due to a deep
dynamical relation between the Riemannian sector of PGT
and the BHT gravity.

The content of this relation is expressed by a theorem
stating that any conformally flat solution of the BHT gravity
is also a Riemannian solution of PGT.

This is, in particular, true for the OTT black holes.

» In 3D, the Weyl curvature identically vanishes, and the

Cotton 2-form C' is used to characterize conformal
properties of spacetime.

It is defined by C' := VL' = dL’ + w',,L™ where

L™ := Ric™ — %Rb’" is the Schouten 1-form. A spacetime
is conformally flat when C' = 0.
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Entropy of conformally flat black holes
[o] lele}

Conformally flat Riemannian solutions in PGT

» The BHT gravity action
leur = ao/dsx\@ (R -2+ nlzK) . K= RiCinl'C,'j—ng,
leads to the field equations:
G,-j—)\n,-j—WK,-j:O, (4.1)

Kj = Knj — 2Lk G — 2(VimCin)e™;

» In PGT, the gravitational Lagrangian is at most quadratic in
the torsion T/ and the curvature RY.

» A Riemannian curvature in 3D has only two nonvanishing
irreducible components,

©)gi _ %Rb’b’, @R, — R — ORI
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Entropy of conformally flat black holes
ooeo

Conformally flat Riemannian solutions in PGT

» For quadratic and parity-invariant Lg, the Riemannian
reduction of the general field equations takes the form:

(IST)  E =0,
(2ND)  VH; =0, (4.22)
1
Ei=h]Llg— é(hiJ R™)Hmn
2
H,'j = —Zaoé,jmbm + 7b4 +6 be Ref,‘jkbk — 2b4€,'jm/_m.

(4.2b)

» Let us now note a simple property of (2ND): the vanishing
of the second term in H;; implies that the Cotton 2-form
Cm = VL, vanishes. More precisely:

(T1) A Riemannian solution of PGT is conformally flat iff
by +2bg = 0.
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Entropy of conformally flat black holes
[eJele] ]

Conformally flat Riemannian solutions in PGT

» Next, to examine the content of (1ST), it is convenient to
express it in the form:

1
20Gj — Aonj — baz (Knj — 2LimG™j) = 0. (4.3)

» A direct comparison shows that Eq. (4.3) coincides with
the BHT field equation (4.1) for C;, = 0, provided one
makes the following identification of parameters:

Ag=agh,  by=ag/m?. (4.4)

This leads to the result:

(T2) Any conformally flat solution of the BHT gravity is also a
Riemannian solution of PGT with bs + 2bs = 0, and vice
versa.
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Entropy of conformally flat black holes

[ Jele}

Static OTT black hole

» The static OTT spacetime is described by the metric

os? = Nea— 90 22 N2~ _pibril (a5
S™ = _W_r ¥, __/"L—i_ r+£727 ( . )
where p and b are real parameters. The roots of equation

N2 =0 are

ry = % (—b£2 + 04+ b2£2) .

» For b =0 it reduces to the BTZ black hole.
» The triad field reads

b® = Ndt, b':= %, b? = rdp, (4.6a)
while the corresponding Riemannian connection is:
WO =—(0,N)B°, W2 =0, W2= I>Ib2. (4.6b)
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Entropy of conformally flat black holes

[e] e}

Static OTT black hole

» The geometric structure introduced in Egs. (4.6) can be
now used to calculate first the curvature 2-form RY, and
then the Schouten 1-form.

» An explicit calculation yields C' = VL' = 0, and theorem
(T2) implies that the static OTT black hole is an exact
Riemannian solution of PGT in vacuum.

» The values of the improved generators for time translations
are given by the corresponding boundary terms, which
define the conserved charges of the system, the energy
and the angular momentum, respectively:

1 2 2 _
E= 4G< ¥ bf) J=0. (4.7)
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Entropy of conformally flat black holes

[e]e] }

Static OTT black hole

» The black hole entropy can be calculated from the Cardy

formula:
o E o 27T(f+ + r_)
S =2nly/ G- ¢ (4.8)
» Using the expression for the Hawking temperature,
- Loan| - 1yGE, (4.9)
4z r=r, 7k

one can directly verify the first law of the black hole

thermodynamics:
0E =T6S. (4.10)

» Since the entropy vanishes for E = 0, the state with E =0
can be naturally regarded as the ground state of the OTT
family of black holes.
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Conclusion

» We reviewed results for the black hole entropy for BTZ
black hole with torsion within MB model and 3D gravity with
propagating torsion as well as OTT black hole within 3D
PGT.

» Entropy is (not necessarily) influenced by the spacetime
torsion and deviates from the Bekenstein-Hawking area
law.

» All the results are in accordance first law of black hole
thermodynamics.
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